The effect of phase-matched third-harmonic generation on the structure and stability of spatial solitary waves is investigated. A power threshold for the existence of two-frequency spatial solitons is found, and the multistability of solitary waves in a Kerr medium owing to a higher-order nonlinear phase shift caused by cascaded third-order processes is revealed. © 1997 Optical Society of America
The concept that cascading nonlinear processes in optical materials can lead to effective higher-order nonlinearities has been understood for some time (see, e.g., Refs. 1 and 2, and references therein). This concept has been the subject of renewed interest over the past five years as a result of the realization that cascaded second-harmonic generation provides a mechanism for achieving an effective intensity-dependent phase change that may be larger than that due to the inherent x ͑3͒ nonlinear susceptibility of the medium. This induced nonlinearity can support parametric solitary waves resulting from the two-or three-wavemixing processes (see, e.g., Refs. 2 -5) .
Importantly, subject to appropriate phase-matching conditions, an enhancement of nonlinearity owing to cascading can also be expected for third-order processes in optical materials with x ͑3͒ susceptiblity. Indeed, Saltiel et al. 6 showed that the phase shift arising from the cascaded third-order processes can be treated as being generated by a higher-order, quintic nonlinearity with a value that can exceed the inherent fifth-order susceptibility of the nonlinear medium. This discovery shows a simple way to induce effective non-Kerr nonlinearities in an optical material with a purely cubic response. It also raises the question of how these induced higher-order nonlinearities affect the propagation of a solitary wave of the fundamental frequency under the condition of phase matching with the wave's third harmonic. Indeed, if a slightly mismatched process of third-harmonic generation leads to an effective cubic-quintic nonlinearity, from the results of solitary waves of the cubic -quintic nonlinear Schrödinger equation (NLSE) we can expect that solitary waves will not exist when the effective quintic nonlinearity becomes strongly defocusing. This simple observation suggests that solitary waves can be drastically modif ied near the point of phase matching with the third harmonic.
In this Letter we analyze solitary waves under the phase-matched condition when the fundamental wave is coupled to its third harmonic. This is a particular case of the degenerate four-wave-mixing process. We assume that the interaction between the fundamental and the third-harmonic waves includes parametric four-wave mixing, self-phase modulation, and cross-phase modulation. For the f irst time to our knowledge, we analyze solitary waves of this model and show that the resonant coupling with the third harmonic leads to several important physical effects, including a power threshold for the existence of solitons and multistability of solitary waves.
We consider the resonant interaction between the beam of the fundamental frequency v and its third harmonic in a diffractive dielectric waveguide characterized by one transverse dimension. Assuming that the fundamental and the third-harmonic beams have the same linear polarization, we look for a solution of the scalar-wave equation for electric f ield E in the form E 1 /2͓E 1 exp͑ik 1 z 2 vt͒ 1 E 3 exp͑ik 3 z 2 3vt͔͒ 1 c.c., where k j jvn j ͞c and n j is the refractive index, and derive the system of two nonlinear equations for the slowly varying envelopes E 1 and E 3 :
where Dk 3k 1 2 k 3 , x ͑3pv 2 ͞c 2 ͒x ͑3͒ , and x
͑3͒
is a diagonal element of the third-order susceptibility tensor. Equations (1) and (2) are a special case of the four-wave-mixing process (see, e.g., Ref.
7).
Introducing diffraction length z d and beam width x 0 , we use the dimensionless variables z z d Z 2x 0 2 k 1 Z and x x 0 X and reduce the system of Eqs. (1) and (2) to the form 6 who neglected the self-phase modulation of the third harmonic but included, instead, an inherent f ifth-order susceptibility. Our analysis indicates that the self-phase modulation leads to some important consequences for the solitary waves near the phase matching and should be included. The importance of the next fifth-order nonlinearity can be justified only far from resonance, where the cascaded nonlinearity becomes negligible and, therefore, describes effects of a higher order.
We are interested in stationary solutions so we substitute U u p b exp͑ibZ͒ and W w p b exp͑i3bZ͒. This leads to a system of equations for u and w:
where z bZ and x p X. Stationary beams are real solutions u͑x͒ and w͑x͒ of Eqs. (3) and (4) with the z derivatives omitted. These localized solutions depend on only a single dimensionless parameter, a s͑3 1 D͞b͒, similar to the case of parametric x ͑2͒ solitons. 3 First, using a direct analogy with the theory of x ͑2͒ solitons, we investigate the solitary waves in the socalled cascading limit when a . . 1. In this limit the energy conversion from the fundamental to the third harmonic is relatively small, i.e., jwj , , juj. For a . . 1, from Eq. (4) we find approximately w Ӎ u 3 ͞9a, and Eq. (3) becomes the cubic -quintic NLSE. This suggests the structure of an asymptotic expansion for the localized solutions of Eqs. (3) and (4) 
͒. Asymptotic solutions of the cascaded limit were used as a starting point in the search for localized solutions over a broad range of a. These solutions were found with the help of a numerical relaxation technique (similar to that used in Ref. 5), and they describe two spatially localized envelopes, u͑x͒ and w͑x͒. To characterize these solutions we use the normalized total power
which is a conserved quantity of Eqs. (3) and (4). In the results presented below we take s 3, which corresponds to the case of spatial solitons.
In Fig. 1 we show the variation of the normalized total power, P tot , with mismatch parameter a for different types of two-wave localized solution of Eqs. (3) and (4) . The inset of Fig. 1 shows an expanded portion of the dependence P tot ͑a͒ for the range 8.2 # a # 9.2. It can be seen from the form of P tot that, near the point of phase matching between the fundamental and the third harmonic (a 9 at s 3), there exist three distinct types of localized solution for solitary waves.
First, there is a family of two-frequency localized solutions that describe a pair of coupled solitary waves of the fundamental and the third-harmonic frequencies. The power between the two frequencies varies from being predominantly in the third harmonic for smaller a to predominantly in the fundamental at larger values of a. In the latter case we can apply the cascading approximation to f ind P tot ͑a͒ 36 2 192e 2 ͑27, 072͞5͒e 2 1 O͑e 3 ͒, e ϵ a 21 , shown as the dashed curve in Fig. 1 . For larger values of a (corresponding to larger values of the phase mismatch) the fundamental frequency beam grows, whereas the beam of the third harmonic vanishes, as shown in Fig. 2(a) , in which an example of the solution of this family is presented (point A in Fig. 1) .
The family of two-frequency solitary waves bifurcates from the one-frequency solution for the third harmonic, w p 2a͞3 sech ͑ p ax͒, P tot 4 p a, at the point of the exact matching a 9 (corresponding to s 3 and D 0). This one-frequency solitary wave is described by the standard cubic NLSE, which follows from Eq. (4) at u 0. It is clear that this type of solitary wave exists only because of the self-phasemodulation effect for the third harmonic.
Finally, the third family of localized solutions shown in Fig. 1 includes the simplest analytical solution, 8 which exists only at a 1, namely, u s a sech x; w s bu s , ͕where b is the real root of the cubic equation 63b 3 1 17b 1 1 3b 2 and a ͓18b͑͞81b 3 1 18b 1 1͒ 1/2 ͔͖. In sharp contrast with the theory of x ͑2͒ parametric solitons, 3 the analytical solution of the model [Eqs. (3) and (4)] and the asymptotic solution of the cascading limit do not belong to the same family. Moreover, varying the mismatch parameter a leads to multihump solutions, as shown in Fig. 2(b) for a 8.2 (point B in Fig. 1 ). In fact, the analytical solution corresponds to the point ͑a 1͒ at which the structure of humps changes, and that is why at this single point the soliton has only one hump. We verif ied by direct simulations that all solutions of this family are unstable.
The most interesting result was found in the case of negative mismatch corresponding to the part of the curve P tot ͑a͒ from the left of bifurcation point O in Fig. 1 . In this case, for any f ixed value of the parameter a we reveal the simultaneous existence of three localized solutions, so that the propagation characteristics of two-frequency coupled beams become multivalued. Two characteristic prof iles of the solutions in this region are shown in Figs. 2(c) and 2(d), corresponding to points C and D, respectively, in Fig. 1 .
We investigated these solitary waves by use of both linear stability analysis 9 and beam propagation method numerical simulations and verif ied that the pure thirdharmonic branch and the lower two-frequency branch are stable, whereas the intermediate branch is unstable; the stability changes at the point dP tot ͞da `.
These results imply that there is more than one possible propagation constant (and, consequently, more than one possible shape) of the parametric spatial soliton for the same value of the total power P tot def ined by Eq. (5); this is a phenomenon known as soliton bistability or multistability. Bistable solitons were first predicted 10 for scalar-wave propagation described by the generalized NLSE, when the dependence of the nonlinear susceptibility on the light intensity changes its sign or its derivative has a sufficiently sharp peak (a steplike function; see also Ref. 10) . This means that multistable solitons were found not to be possible for a Kerr medium. In contrast, our results indicate a simple physical mechanism leading to effective nonKerr nonlinearities and multistable solitary waves. We believe that this mechanism will broaden the range of possible optical materials for experimental realization of all-optical soliton switching based on the multistability of light self-trapping.
In conclusion, we have shown that higher-order (nonKerr) nonlinearities arising from a phase-matched interaction between the fundamental frequency and its third harmonic can have an important effect on the propagation of spatial solitary waves, restricting the region for existence of allowed values of the beam power and also leading to multistable beam propagation when more than one possible beam prof ile and propagation constant exist for a fixed value of power near the phase matching.
